Abstract. Let f (x) = x 5 + px 3 + qx 2 + rx + s be an irreducible polynomial of degree 5 with rational coefficients. An explicit resolvent sextic is constructed which has a rational root if and only if f (x) is solvable by radicals (i.e. when its Galois group is contained in the Frobenius group F 20 of order 20 in the symmetric group S 5 ). When f (x) is solvable by radicals, formulas for the roots are given in terms of p, q, r, s which produce the roots in a cyclic order.
It is well-known that an irreducible quintic with coefficients in the rational numbers is easy to see that a solvable subgroup of the symmetric group S p whose order is divisible by p is contained in the normalizer of a Sylow p-subgroup of S p .) The purpose here is to give a criterion for the solvability of such a quintic in terms of the existence of a rational root of an explicit associated resolvent sextic polynomial, and when this is the case, to give formulas for the roots analogous to Cardano's formulas for the general cubic and quartic polynomials (cf. [1] , Section 14.7, for example) and to determine the precise Galois group.
Q is solvable by radicals if and only if its Galois group is contained in the Frobenius group
In particular, the roots are produced in an order which is a cyclic permutation of the roots (see the Remark before the examples below), which can be useful in other computations (e.g. cf. [3] ). We work over the rationals Q , but the results are valid over any field K of characteristic different from 2 and 5. Define the usual Lagrange resolvents of the root x 1 :
so that
with an indeterminant z (so z = ζ gives the Lagrange resolvent r 1 ). Expanding (x 1 , z)
where l 0 by definition is the sum of the terms in (x 1 , z) 5 involving powers z i of z with i divisible by 5, l 1 is the sum of the terms with i ≡ 1 mod 5, and so forth. Explicitly, (5.2) 
(5.4) (Note also that setting z = 1 shows that
In particular, if
Similarly we have
The Galois action over K on these elements is the following:
The elements l 0 , l 1 , l 2 , l 3 , l 4 are contained in the field F and are fixed by σ .
and the action on the Lagrange resolvents is given by
It follows that l 0 ∈ K and that l 1 , l 2 , l 3 , l 4 are the roots of a quartic polynomial over
is a cyclic extension of K of degree 4 (with Galois group generated by the restriction of τ = (2 3 5 4) ). The unique quadratic subfield of L over K is the field K( ). The field diagram is the following:
Since the Galois group of L/K is cyclic of degree 4, it follows that l 1 , l 2 , l 3 , l 4 are the roots of a quartic over K which factors over K( ) into the product of two conjugate quadratics:
with
The roots of one of these two quadratic factors are {l 1 , l 4 (= τ 2 l 1 )} and the roots of the other are the conjugates {l 2 (= τ l 1 ), l 3 (= τ 3 l 1 )} for the specific l i defined in equations (5.1-5.4). We may fix the order of the factors and determine the coefficients T i explicitly by assuming that the roots of the first factor in (7) are {l 1 , l 4 }. Then 
where the α i are rational symmetric functions, if we apply the automorphisms ( 1 2 3) and (1 2) (which generate a complement to F 20 in S 5 and so give the automorphisms of
, we obtain the system of equations
from which we may solve for the α i using Cramer's rule. The denominator appearing in
Cramer's rule is the Vandermonde determinant − i<j (θ i − θ j ) and it is not difficult to see that this is 3 F where F is a symmetric polynomial. In particular, if P is a polynomial, this gives a bound for the denominator necessary for the rational symmetric functions α i (since then the numerator in Cramer's rule is a polynomial).
As a practical matter, the computations of the relevant symmetric functions is done by first computing the weights and degrees of the polynomial in the numerator of Cramer's rule for each α i , then determining which symmetric monomials in s 1 , . . . , s 5 are involved (for example there are 258 monomials of weight 50 involved in the computation of the numerator of α 0 for T 4 ). The problem then is to determine explicitly the coefficients involved in writing a given polynomial (expressed as a determinant) as a linear combination of these monomials.
Because of the high weights involved, it is impractical to simply expand the appropriate polynomials in x 1 , . . . , x 5 and apply the usual lexicographic algorithm. It is also impractical to substitute simple values for x 1 , . . . , x 5 into these polynomial identities and then solve the resulting linear system of equations, since a sufficiently independent choice of variables to produce a determined system of equations produces relatively large (viz. 258 × 258)
matrices with large entries (viz. ∼ 10 300 ). , etc. , which reduces both the number of equations involved and also the size of the coefficients (namely, < p) of the system considerably. Performing this p-adic computation for several primes p then determines the coefficients. In practice, these terms were determined modulo the first 8 primes greater than 1000, and the coefficients determined modulo the product of the first and the last 7 of these values to be sure the values were in agreement. Once the coefficients were determined, they were checked.
and 
If we compute these expressions in terms of our given rational θ , and choose a specific as our square root of D, then the roots of the quadratics in (7) give us {l 1 , l 4 } and {l 2 , l 3 }, up to a permutation of the two pairs. This is not sufficient to solve for the resolvents 
Computing this element as before, write 
For any specific quintic f (x), choose a square root of the discriminant D, then define the roots of the first quadratic in (7) to be l 1 and l 4 , and the roots of the second quadratic to be l 2 and l 3 , ordered so that 
, respectively), which will simply permute the order of the roots x i in (3), as we shall see.
It remains to consider the choice of the fifth roots of the R i to obtain the resolvents r i .
We now show that given R 1 = r 5 1 , each of the five possible choices for r 1 uniquely defines the choices for r 2 , r 3 , r 4 , hence uniquely defines the five roots of the quintic.
Consider the expressions r 1 r 4 and r 2 r 3 , which by the explicit Galois actions above are fixed by σ , τ ω −1 and by τ 2 , hence are elements of the corresponding fixed field K( √ 5).
As mentioned above, the discriminant D for any solvable quintic is a positive rational number. It follows that under any specialization, the elements r 1 r 4 and r 2 r 3 are elements of the field Q ( √ 5D). Since the r i are uniquely defined up to multiplication by a fifth root of unity, this uniquely determines r 4 given r 1 and r 3 given r 2 . It remains to see how r 2 is determined by r 1 .
Consider now the elements r 1 r Proof. We have already seen that r 1 uniquely determines r 4 and that r 2 uniquely determines r 3 by the conditions r 1 r 4 , r 2 r 3 ∈ K( √ 5). It remains to show that r 1 uniquely defines r 2 subject to the equations in (10).
If r 2 were replaced by r 2 for some nontrivial fifth root of unity , then r 3 would be 
These two equations give
which implies that r 1 /r 4 is a fifth root of unity. This is a contradiction, since this element generates a quintic extension of L(ζ ) which survives any specialization (the order of the Galois group of the irreducible f (x) is divisible by 5), and completes the proof.
The elements u and v are computed as before:
where the coefficients c i for the general f (x) are given in the Appendix. For the special case of f (x) = x 5 + ax + b these are: Proof. The conditions in (a)-(c) are simply restatements of the structure of the field L =
We have already seen that the choice of and the roots l i of the quadratics determines the R i up to an ordering: Finally, any choice of primitive fifth root of unity ζ produces precisely the same permutations of the roots x i , so the roots of f (x) are produced in a cyclic ordering independent of all choices.
is an irreducible polynomial of degree n whose Galois group is, for example, known to be the cyclic group of order n. If the roots of f (x) are given SOLVING SOLVABLE QUINTICS (numerically in C , say), how can one order the roots so that they are cyclically permuted by some element in the Galois group? For n = 5, a solution is provided by Theorem 2, and the situation for n = 4 is solved implicitly above (this is the reason for considering the factorization in equation (7) Viewing these as real numbers, and letting r 1 be the real fifth root of R 1 , it follows that the corresponding r 2 , r 3 and r 4 are the real fifth roots of R 2 , R 3 and R 4 , respectively, which has θ = 40 as a root, so that f (x) has solvable Galois group. Since in this case the quadratic factors in (7) are x 2 + 1250x + 6015625 and x 2 − 3750x + 4921875, which are irreducible over Q , it follows that the Galois group of f (x) is the dihedral group of order 10. Letting = 8000 the roots l 1 , l 2 , l 3 , l 4 of the quadratics in (7) (subject to the ordering condition in (9)) are I would like to acknowledge the assistance of Hershy H. Kisilevsky and Richard M.
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